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Abstract. The steady-state properties distribution (SPD) is investigated in a asymmetric bistable
system driven by cross-correlated multiplicative white and additive white noises with periodic
signal.Using the Liouville Equation and Novikov Theorem,the approximate Fokker-Planck equation
(AFPE) is derived,and the analytic expressions of the stationary probability is obtained.

Introduction

Dynamical properties of a bistable system[1] with noises is a very typical and important problem
in statistical mechanics[2].The investigation of dynamical system with correlation noises has
attracted a lot attention in the field of stochastic recently[3-12].Correlated noises have been applied
to many fields,such as laser system[3],biology system[4] and bistable system[5],and so on.In many
cases,noises play a positive role,and many interesting results are found. Fulinski and Telejko[6]
have investigated the bistable system driven by correlated additive and multiplicative white
noises,and they pointed out that the correlation of the noises changes the dynamics of the
system.Zhang Jing-jing[7] and Jin Yan-fei have investigated the mean first-passage time (MFPT)
and stochastic resonance (SR) in an asymmetric bistable system driven by multiplicative
non-Gaussian noise and additive Gaussian white noise by using the path integral approach and
two-state theory. Miao Zu-yingand Wang Hua have studied the SR phenomenon in a bistable system
under the simultaneous action of multiplicative and additive noise and periodic signal by using the
theory of signal-to-noise ratio (SNR) in the adiabatic limit[8-12].

The largest amount of work mentioned above has been referred to consideration of the
symmetric potential. However, symmetry is difficult to guaranteed, and more realistic models
require considering asymmetric potential. The effects of asymmetry on the bistable system are
gaining more and more attention. In addition, articles on the studies about steady-state analysis in a
asymmetric system driven by cross-correlated multiplicative white and additive white noises with
periodic signal are few.

This paper has used the Liouville Equation and Novikov Theorem to obtain the analytical
expression of the SPD.The effects of the noise parameters and the periodic signal on the SPD of the
system are discussed separately, and found some new nonlinear phenomena.

The steady-state probability distribution function

Consider a conventional one-dimensional asymmetric bistable system driven by cross- correlated
multiplicative white and additive white noises with periodic signal[13].Its Langevin equation

(LE)[14] reads

%:—r+x—x3+x§(t)+n(t)+Acoth Q)
where &1 and @) are the Gaussian white noises with zero-mean.The two noise terms are

characterized by their means and variances,and the statistical properties of the noise terms are

characterized by their first and second moments[15]:
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<EM)>=<n)>=0(2) <&ME()>=2Ds(t-1)(3)  <nnt)>=2Q5(t-t) (4)

<&On(t) >=<nME(t) >=24,/DQs(t-t) (5)

Wherepand g are the multiplicative and additive noise intensities,respectively.The parameter
4 measures the strength of the correlations between multiplicative noise &) and additive noise
n(t), r IS the asymmetric parameter. adenotes the amplitude of the periodic signal, a is the frequency
of the periodic signal, and t denotes the time.

To obtain the FPE from the LE (1) with Eq. (2)-(5), Eq. (1) with Eq. (2)-(5) can be

transformed into a stochastic equivalent Stratonovich stochastic differential equation

L~ 100+ B0 + G20 + Acos ©6)

In order to obtain the SPD for Eq. (1) , we compare Eg. (1) with Eq. (6) and get
f(x)=-r+x—x*+AcosQt (7) a(x)=x (8) go(x)=1 (9)

According to the Liouville Equation, the FPE corresponding to the LE (1) can be written as
D L1100+ 3020 + G2 00mOIP (D) (10)

here we have considered an ensemble of systems in space obeying Eq. (1) for a given realization
of ¢t and ) and different initial conditions. It is well known that p(x,t) is just the average of
s(xt)-x) over the initial conditions, where xw) is a solution of Eq. (1) for a given realization of @)
and @t and for a given initial condition, while xis a point in state space. Because the probability
density p(xty is obtained by averaging p(x,t) over the realizations of &t and @ (this is
known as van Kampen’s lemma), we have
PX,) =< P(x,) >=< 5(x—t) > (11)
Here the average < > is taken over initial conditions and over the realizations of &(t) and #(t).
So that the evolution equation for the probability density p(xt) is average Eq. (10):

LUD 2 (00D~ 31() < QIO - 1) >~ G2 (X < 7O -X) > (12)

The average which remains in Eq. (12) may be calculated for Gaussian noises &(t) and n(t) by

a functional formula, the Novikov theorem:
B R jt it (t,8) < SO0 112 (13)
0 Gt
According to the Novikov theorem and Fox approach, the AFPE corresponding to Eq.(1) with Eq.

(2)-(5) is obtained as follows:

P 1001+ Da1 (031 (0 + 44/DRIEL 99 ()+ 610992 (9] + Q@ (W9 (KIP(X)

) (14)
+;—2[Dgf<x>+Mﬁgm)gz(x)+Qg§(x)]P(x,t)
Rewrite Eq. (14) in a more general form as
Pt _ o 2
o= AP T BOP(LY (15)
where
A(X) = f (x) + Dgg (x)91(X) + 24/DQIg1 (X)g2 (X) + 91(x) 92 ()] + Qg2 (x) 92 (X) (16)
and
B(X) = DgZ(x) + 224/DQ 1 (x)92 (X) + QgZ(X) 17)
Solving Eq. (15) for p(xt) gives us
X
LN [0
PSt (X) = m exp(j B(X) dX) (18)

After integrating Eq. (18), we have
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Discussion
Making using of the expression EQ.(19) of the p(xt, the steady-state properties in the
asymmetric bistable system can be analyzed by the numerical calculation.
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Fig.1 (a)pP(xt) asafunctionof x with r=10,2-07,Q=2 A=05,0Q=1,t=10 and D takes 2,3 and 4
(b) P(x,tyas a function of x with r=10,1-=07, Q=2,A=05,0-1,t=10 and D takes 5.5, 6and7

The result of the numerical calculation of the p(xt) as a function of x for different values of
the o is plotted in Fig.1 (a) and Fig.1 (b), respectively. Figure 1 (a) shows the case of bimodal and
Figure 1(b) shows the case of unimodal. Comparing the two charts, it is obvious that the
steady-state properties distribution experiences the transition from bimodal to unimodal in structure
when the value of the multiplicative noise intensity is more than 5.5. In addition, Figure 1 (a) shows
that the peaks of the steady-state properties distribution drop in height with o increasing and the
positions of the maximum of the steady-state properties distribution shift from left to right. Figure 1
(b) shows that the peak of the steady-state properties distribution drop in height with b increasing
and the position of the maximum of the steady-state properties distribution do not change.

The steady-state properties distribution as a function of x are plotted in Fig.2 (a) and Fig.2 (b).
Figure 2 (a) shows the case of bimodal and Figure 2 (b) shows the case of unimodal. Comparing the
two chart, it is obvious that the steady-state properties distribution experiences the transition from
bimodal to unimodal in structure when the value of the additive noise intensity is more than 3. In
addition, Figure 2 (a) shows that the peaks of the steady-state properties distribution drop in height
with q increasing and the positions of the maximum of the steady-state properties distribution
shift from left to right. Figure 2 (b) shows that the peak of the steady-state properties distribution
drop in height with ¢ increasing and the position of the maximum of the steady-state properties
distribution do not change.
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Fig.2 (a)p(xt) asafunctionof x with r=10,2=0.7,0=2,A=05, o=1,t=10 and Q takes 2,2.5and 3
(b) P(x,ty as a function of x with r=10, 2=0.7,0=2, A=05, @=1,t=10 and Q takes 3.5,4 and 4.5
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Fig.3 (a)p(xt) asafunctionof x with r=10, D=2, Q=2,A=05,0=1,t=10 and 2 takes 0.4, 0.6 and 0.8
(b) P(x,t) asa function of x with r=10, D=2, Q=2, A=05,0=1,t=10 and . takes-0.3,-0.5and-0.7
The steady-state properties distribution as a function of x are plotted in Fig.3 (a) and Fig.3 (b).

Figure 3 (a) shows the case of bimodal and Figure 3 (b) shows the case of unimodal. Comparing the

two chart, it is obvious that the steady-state properties distribution experiences the transition from

bimodal to unimodal in structure when the value of the cross-correlated intensity is more than 0.4.

In addition, Figure 3 (a) shows that the peaks of the steady-state properties distribution drop in

height with 4 increasing and the positions of the maximum of the steady-state properties

distribution shift from left to right. Figure 3 (b) shows that the peak of the steady-state properties
distribution drop in height with 2 increasing and the position of the maximum of the steady-state
properties distribution shift from left to right.

Conclusions

In this paper,the relationship between the p(xt) of the asymmetric bistable system and the
variables are analyzed, and some new nonlinear phenomena are obtained, such as:

(1)The multiplicative noise intensity , the additive noise intensity , the cross-correlated intensity
between ¢ty and 5@ ,induce the steady-state properties distribution transition from bimodal to
unimodal in structure.

(2) The multiplicative noise intensity, the additive noise intensity, the cross-correlated intensity
between ¢t and »t) change the peak height of the steady-state properties distribution.

(3) The multiplicative noise intensity, the additive noise intensity , the cross-correlated intensity
between ¢t and »t) change the positions of the maximum and the minimum of the steady-state
properties distribution.
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